Abstract. We show that there is a one-to-one correspondence between Finsler structures on the 2-sphere with constant Finsler-Gauss curvature 1 and all geodesics closed on the one hand, and Weyl connections on certain spindle orbifolds whose symmetric Ricci curvature is positive definite and all of whose geodesics closed on the other hand.
Introduction
Roughly speaking, an oriented path geometry on an oriented surface M prescribes an oriented path γ ⊂ M for every oriented direction in T M . This notion can be made precise by considering the projective circle bundle S(T M ) := (T M \ {0 M }) /R + of M . Recall that S(T M ) carries a tautological co-orientable contact distribution
where π ′ denotes the differential of the basepoint projection π : S(T M ) → M . An oriented path geometry is a one-dimensional distribution P → S(T M ) so that P together with the vertical distribution L = ker π ′ span τ . Note that P is naturally oriented. We may call a non-zero vector w ∈ P [v] positive if π ′ (w) is a positive multiple of v. The orientation of P equips the leaves of the foliation P defined by P with an orientation as well and the oriented paths of P are the projections to M of the oriented leaves of P.
For every choice of a 1-form Υ on S(T M ) whose kernel is τ we obtain a volume form Ω = Υ∧dΥ which depends on Υ only up to multiplication with a positive non-vanishing function. We may call a non-zero vertical vector w ∈ L positive if the π-pullback of an orientation compatible volume form on M is a positive multiple of the interior product −w Ω. Therefore, the vertical distribution L is naturally oriented as well.
Following [7] , a 3-manifold N equipped with a pair of oriented one-dimensional distributions (P, L) spanning a contact distribution is called an oriented generalized path geometry. In this setup the surface M is replaced with the leaf space of the foliation L defined by L and the leaf space of the foliation P defined by P maybe be thought of as the space of oriented paths of the oriented generalized path geometry (P, L). We may reverse the role Date: December 3, 2018.
of P and L and thus consider the dual (−L, −P ) of the oriented generalized path geometry (P, L), where here the minus sign indicates reversing the orientation.
A natural source of oriented (generalized) path geometries are Finsler metrics F on oriented surfaces. Cartan [10] has shown how to equip the unit circle bundle Σ ⊂ T M of a Finsler metric F on an oriented surface M with a canonical coframing (ξ, η, ν) and, in particular, with the structure of an oriented generalized path geometry (P, L) whose oriented paths are the oriented Finsler geodesics. The same construction associates a generalized path geometry to an oriented Riemannian 2-orbifold. The purpose of this note is to investigate the notion of duality in the case where all geodesics are closed. In this case the dual of the path geometry arising from a Finsler metric on the 2-sphere with constant Finsler-Gauss curvature turns out to arise from a certain generalization of a Besse 2-orbifold [14] with positive curvature. Namely, using a recent result [5] by Bryant et al. about such Finsler metrics (see Theorem 1 below), we show that the space of oriented geodesics is a spindle-orbifold O (see Section 2.1) which comes equipped with a positive Weyl-Besse structure. By this we mean an affine torsionfree connection ∇ on O which preserves some conformal structure -a socalled Weyl connection -and which has the property that the image of every maximal geodesic of ∇ is an immersed circle. Moreover, the symmetric part of the Ricci curvature of ∇ is positive definite. Conversely, having such a positive Weyl-Besse structure on a spindle orbifold, we show that the dual path geometry yields a Finsler metric on S 2 with constant Finsler-Gauss curvature all of whose geodesics are closed. More precisely, we prove the following duality result which generalizes [8, Theorem 3] and [9, Proposition 6, Corollary 2] by Bryant:
Theorem A. There is a one-to-one correspondence between Finsler structures on S 2 with constant Finsler-Gauss curvature 1 and all geodesics closed on the one hand, and positive Weyl-Besse structures on spindle orbifolds S 2 (a 1 , a 2 ) with κ := gcd(a 1 , a 2 ) ∈ {1, 2}, a 1 ≥ a 2 , 2|(a 1 + a 2 ) and κ 3 |a 1 a 2 on the other hand. More precisely,
(1) such a Finsler metric with shortest closed geodesic of length 2πµ
, gcd(p, q) = 1, gives rise to a positive Weyl-Besse structure on S 2 (a 1 , a 2 ) with a 1 = q and a 2 = 2p − q, and (2) a positive Weyl-Besse structure on such a S 2 (a 1 , a 2 ) gives rise to such a Finsler metric on S 2 with shortest closed geodesic of length 2π
∈ (π, 2π], and these assignments are inverse to each other. Moreover, two such Finsler metrics are isometric if and only if the corresponding Weyl-Besse structures coincide up to a diffeomorphism.
Examples of positive Weyl-Besse structures on spindle orbifolds arise in the following ways. The construction of rotationally symmetric Zoll metrics on S 2 can be generalized to give an infinite-dimensional family of rotationally symmetric Riemannian metrics on spindle orbifolds all of whose geodesics are closed [3, 14] , and, in particular, an infinite-dimensional family of rotationally symmetric (Riemannian) Weyl-Besse structures most of which are positive. Moreover, in [15, 16] LeBrun-Mason construct a Weyl connection ∇ on the 2-sphere S 2 for every totally real embedding of RP 2 into CP 2 which is sufficiently close to the standard "real linear" embedding. The Weyl connection has the property that all of its maximal geodesics are embedded circles and hence defines a Weyl-Besse structure. In addition, they show that every such Weyl connection on S 2 is part of a complex 5-dimensional family of Weyl connections having the same unparametrised geodesics (see also [18] ). In particular, the Weyl connections of LeBrun-Mason that arise from an embedding of RP 2 that is sufficiently close to the standard embedding provide examples of positive Weyl-Besse structures.
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Preliminaries

Background on orbifolds.
Recall that a length space is a metric space in which the distance between any pair of points can be realized as the infimum of lengths of paths connecting the two points. An n-dimensional Riemannian orbifold O n can be defined as a length space such that for each point x ∈ O there exists a neighbourhood U of x in O, an n-dimensional Riemannian manifold M and a finite group Γ acting by isometries on M such that U and M/Γ are isometric. In this case we call M a manifold chart for O. Behind this definition lies the observation that an isometric action of a finite group on a simply connected Riemannian manifold can be recovered from the corresponding metric quotient [13, Lem. 2.1] . By this fact every Riemannian orbifold admits a canonical smooth structure. Roughly speaking, this means that there exist equivariant, smooth transition maps between manifolds charts (see e.g. [4] for more details). Conversely, every smooth orbifold admits a Riemannian metric, i.e. a collection of Riemannian metrics on the manifold charts with respect to which the group actions and all locally defined transitions between different charts are isometric, whose induced length metric turns it into a Riemannian orbifold in the above sense. For a point x on an orbifold the linearised isotropy group of a preimage of x in a manifold chart is uniquely determined up to conjugation. Its conjugacy class is denoted as Γ x and is called the local group of O at x. A point x ∈ O is called regular if its local group is trivial and otherwise singular.
For example, the metric quotient O a , a = (a 1 , a 2 ) of the unit sphere S 3 ⊂ C 2 by the isometric action of S 1 ⊂ C defined by
for coprime numbers a 1 ≥ a 2 is a Riemannian orbifold which is topologically a 2-sphere, but which metrically has two isolated singular points with cyclic local groups of order a 1 and a 2 . We denote the underlying smooth orbifold as S 2 (a 1 , a 2 ) and refer to it as a spindle orbifold. The quotient map π from S 3 to O a is an example of an orbifold (Riemannian) submersion, in the sense that for every point z in S 3 , there is a neighbourhood V of z such that M/Γ = U = π(V ) is a chart, and π| V factors as Vπ −→ M −→M/Γ = U , whereπ is a standard submersion. The standard Hopf action of S 1 on S 3 defined by z(z 0 , z 1 ) = (zz 1 , zz 2 ) commutes with the above S 1 -action and induces an isometric S 1 -action on O a . Let Γ k be a cyclic subgroup of the Hopf S 1 . The quotient S 3 /Γ k is a lens space of type L(k, 1). By moding out the Γ k action on O a we obtain spindle orbifold S 2 (a 1 , a 2 ) with arbitrary a 1 and a 2 as quotients. These spaces fit in the following commutative diagram
for some k ′ |k. Here the left, vertical map is an example p : O → O ′ of a (Riemannian) orbifold covering, i.e. each point x ∈ O ′ has a neighbourhood U isomorphic to some M/Γ for which each connected component U i of p −1 (U ) is isomorphic to M/Γ i for some subgroup Γ i < Γ such that the isomorphisms are compatible with the natural projections M/Γ i → M/Γ (see [13] for a metric definition). Thurston has shown that the theory of orbifold coverings works analogously to the theory of ordinary coverings [24] . In particular, there exist universal coverings and one can define the orbifold fundamental group π orb 1 (O) of a connected orbifold O as the deck transformation group of the universal covering. For instance, the orbifold fundamental group of S 2 (a 1 , a 2 ) is a cyclic group of order gcd(a 1 , a 2 ). Moreover, the number k ′ in the diagram is determined in [12, Theorem 4 .10] to be
.
More generally, in his fundamental monograph [23] Seifert studies foliations of 3-manifolds by circles that are locally orbits of effective circle actions without fixed points (for a modern account see e.g. [22] ). The orbit space of such a Seifert fibration naturally carries the structure of a 2-orbifold with isolated singularities. If both the 3-manifold and the orbit space are orientable, then the Seifert fibration can globally be described as a decomposition into orbits of an effective circle action without fixed points (see e.g. [14, Section 2.4] and the references stated therein). In particular, in [23, Chapter 11] Seifert shows that any Seifert fibration of the 3-sphere is given by the orbit decomposition of a weighted Hopf action. The classification of Seifert fibrations of lens spaces, their quotients and their behaviour under coverings is described in detail in [12] . Let us record the following special statement which will be needed later.
with orientable quotient orbifold. Then the quotient orbifold is a S 2 (a 1 , a 2 ) spindle orbifold, a 1 ≥ a 2 , with 2|(a 1 + a 2 ), κ := gcd(a 1 , a 2 ) ∈ {1, 2} and κ 3 |a 1 a 2 .
Proof. Since RP 3 and the quotient surface are orientable, the Seifert fibration is induced by an effective circle action without fixed points. It follows from the homotopy sequence, that the orbifold fundamental group of the quotient is either trivial or Z 2 [22, Lemma 3.2] . In particular, the quotient has to be a spindle orbifold (see e.g. [22, Chapter 3] or [23, Chapter 10] [12, Theorem 4.10] . This implies 2|(a 1 + a 2 ), κ := gcd(a 1 , a 2 ) ∈ {1, 2} and κ 3 |a 1 a 2 as claimed. Usually notions that make sense for manifolds can also be defined for orbifolds. The general philosophy is to either define it in the manifold charts and demand it to be invariant under the action of the local groups (and transitions between charts as in the manifold case) like in the case of a Riemannian metric, or to demand certain lifting conditions. For instance, a map between orbifolds is called smooth if it locally lifts to smooth maps between manifolds charts. Let us also explicitly mention that the tangent bundle of an orbifold, like other bundles too, can be defined by gluing together quotients of the tangent bundles of manifold charts by the actions of the local groups [1, Proposition 1.21]. In particular, the tangent bundle of an orbifold is again an orbifold. Moreover, if the orbifold has only isolated singularities, then its unit tangent bundle (with respect to some Riemannian metric) is in fact a manifold. For instance, the unit tangent bundle of a S 2 (a 1 , a 2 ) spindle orbifold is an L(a 1 + a 2 , 1) lens space [14, Lemma 3.1] . In many cases we will liberally use orbifold notions which follow this general philosophy without further explanation, and refer to the literature for a more detailed account, e.g. [21, 1, 4] .
Besse orbifolds. The Riemannian spindle orbifolds
constructed in the preceding section have the additional property that all their geodesics are closed, i.e. any geodesic factors through a closed geodesic. Here an (orbifold) geodesic on a Riemannian orbifold is a path that can locally be lifted to a geodesic in a manifold chart, and a closed geodesic is a loop that is a geodesic on each subinterval. We call a Riemannian metric on an orbifold as well as a Riemannian orbifold Besse, if all its geodesics are closed. The moduli space of Besse metrics on spindle orbifolds is in fact infinite-dimensional [14] . For more details about Besse orbifolds we refer to [14, 2] .
Finsler structures.
A Finsler metric on a manifold is -roughly speaking -a Banach norm on each tangent space varying smoothly from point to point. Instead of specifying the family of Banach norms, one can also specify the norm's unit vectors in each tangent space. Here we only consider oriented Finsler surfaces and use definitions for Finsler structures from [7] :
A Finsler structure on an oriented surface M is a smooth hypersurface Σ ⊂ T M for which the basepoint projection π : Σ → M is a surjective submersion which has the property that for each p ∈ M the fibre Cartan [10] has shown how to associate a coframing to a Finsler structure on an oriented surface M . For a modern reference for Cartan's construction the reader may consult [6] . Let Σ ⊂ T M be a Finsler structure. Then there exists a unique coframing ω = (ξ, η, ν) of Σ with dual vector fields (X, H, V ) which satisfies the structure equations
for some smooth functions I, J, K : Σ → R. Moreover the π-pullback of any positive volume form on M is a positive multiple of ξ ∧ η and the tangential lift of any Σ-curve γ satisfieṡ
A Σ-curve γ is a Σ-geodesic, that is, a critical point of the length functional, if and only if its tangential lift satisfiesγ * ν = 0. The integral curves of X therefore project to Σ-geodesics on M and hence the flow of X is called the geodesic flow of Σ. For a Riemannian Finsler structure the functions I, J vanish identically whereas K is constant on the fibers of π : Σ → M and therefore the π-pullback of a function on M which is the Gauss curvature K g of g. Since in the Riemannian case the function K is simply the Gauss curvature, it is usually called the Finsler-Gauss curvature. In general K need not be constant on the fibers of π : Σ → M . (2) for some functions I, J and K on Σ will be called a generalized Finsler structure.
As in the case of a Finsler structure we denote the dual vector fields of (ξ, η, ν) by (X, H, V ). Note that a generalized Finsler structure naturally defines an oriented generalized path geometry by defining P to be spanned by X while calling positive multiples of X positive and by defining L to be spanned by V while calling positive multiples of V positive. Example 1. Let (O, g) be an oriented Riemannian 2-orbifold. In particular, O has only isolated singularities. Then the unit tangent bundle
is a manifold, and like in the case of a smooth Finsler structure it can be equipped with a canonical coframing as well. However, in order to distinguish the Riemannian orbifold case from the smooth Finsler case, we will use the notation (α, β, ψ) instead of (ξ, η, ν) for the coframing. The construction is as follows: A manifold chart M/Γ of O gives rise to a manifold chart SM/Γ of SO. In such a chart the first two coframing forms are explicitly given by
Here π : SO → O denotes the basepoint projection and i : T M → T M the rotation of tangent vectors by π/2 in positive direction. Note that these expressions are invariant under the group action of Γ and hence in fact define forms on OM . The third coframe form ψ is the Levi-Civita connection form of g and we have the structure equations
where K g denotes the Gauss curvature of g. Moreover, note that π * dA g = α ∧ β where dA g denotes the area form of O with respect to g. Denoting the vector fields dual to (α, β, ψ) by (A, B, Ψ) we observe that the flow of Ψ is 2π-periodic. Finally, if O is a manifold, then the coframing (α, β, ψ) agrees with Cartan's coframing (ξ, η, ν) on the Riemannian Finsler structure Σ = SO. 
Conversely, it follows from Koszul's identity that for every pair (g, θ) consisting of a Riemannian metric g and 1-form θ on O the connection
is the unique affine torsion-free connection satisfying (3). Here g ∇ denotes the Levi-Civita connection of g and θ ♯ is the vector field dual to θ with respect to g. Notice that for u ∈ C ∞ (O) we have the formula
From which one easily computes the identity
Consequently, we define a Weyl structure to be an equivalence class [g, θ] subject to the equivalence relation
Clearly, the mapping which assigns to a Weyl structure [g, θ] its Weyl connection (g,θ) ∇ is a one-to-one correspondence between the set of Weyl structures -and the set of Weyl connections on O.
The Ricci curvature of a Weyl connection (g,θ) ∇ on O is
where δ g denotes the co-differential with respect to g.
Definition 2.
We call a Weyl structure [g, θ] positive if the symmetric part of the Ricci curvature of its associated Weyl connection is positive definite.
In the case where O is oriented we may equivalently say the Weyl structure [g, θ] is positive if the 2-form (K g − δ g θ)dA g -which only depends on the orientation and given Weyl structure -is an orientation compatible volume form on O. Note that by the Gauss-Bonnet theorem [21] simply connected spindle orbifolds are the only simply connected 2-orbifolds carrying positive Weyl structures.
We now obtain:
Lemma 2. Every positive Weyl structure contains a unique pair (g, θ) satisfying K g − δ g θ = 1.
Proof. We have the following standard identity for the change of the Gauss curvature under conformal change
where ∆ g = −(dδ g + δ g d) is the negative of the Laplace-de Rham operator. Also, we have the identity δ e 2u g = e −2u δ g for the co-differential acting on 1-forms. If [g, θ] is a positive Weyl structure, we may take any representative (g, θ), define u = 1 2 ln(K g − δ g θ) and consider the representative (ĝ,θ) = (e 2u g, θ + du). Then we have
Suppose the two representative pairs (g, θ) and (ĝ,θ) both satisfy Kĝ −δĝθ = K g − δ g θ = 1. Since they define the same Weyl connection, the expression for the Ricci curvature implies thatĝ = (Kĝ − δĝθ)ĝ = (K g − δ g θ)g = g and hence alsoθ = θ, as claimed. Proof. We compute that
Now observe that π * (⋆ g θ) = −Ψ(θ)α + θβ where on the right hand side we think of θ as a real-valued function on SO. Since ν = −α, we thus have dη = −ν ∧ (ξ − Iη) , for I = −θ, again interpreted as a function on SO. Likewise, we obtain
where J = Ψ(θ). The claim follows.
Remark 2. We remark that correspondingly we have a natural gauge (g, θ) for a negative Weyl structure, that is, (g, θ) satisfy K g − δ g = −1. On a closed oriented surface (necessarily of negative Euler characteristic) the associated flow generated by the vector field A − Ψ(θ)Ψ falls into the family of flows introduced in [19] . In particular, its dynamics is Anosov.
The geometric significance of the form ξ in Lemma 3 is described in the following statement. For a proof in the manifold case -which carries over mutatis mutandis to the orbifold case -the reader may consult [20 Note that the Levi-Civita connection of any (orientable) Besse orbifold O (see Section 2.2) gives rise to a Weyl-Besse structure on SO.
A duality theorem
Let us cite the following result from [5] .
Theorem 1 (Bryant, Foulon, Ivanov, Matveev, Ziller). Let Σ ⊂ T S 2 be a Finsler structure on S 2 with constant Finsler-Gauss curvature 1 and all geodesics closed. Then there exists a shortest closed geodesic of length 2πµ ∈ (π, 2π] and the following holds:
(1) Either µ = 1 and all geodesics are closed and have the same length 2π, (2) or µ = p/q ∈ ( 1 2 , 1) with p, q ∈ N and gcd(p, q) = 1, and in this case all unit-speed geodesics have a common period 2πp. Furthermore, there exists at most two closed geodesics with length less than 2πp. A second one exists only if 2p−q > 1, and its length is 2πp/(2p−q) ∈ (2π, 2pπ).
In particular, if all geodesics of a Finsler metric on S 2 are closed, then its geodesic flow is periodic with period 2πp for some integer p.
We now have our main duality result:
Theorem A. There is a one-to-one correspondence between Finsler structures on S 2 with constant Finsler-Gauss curvature 1 and all geodesics closed on the one hand, and positive Weyl-Besse structures on spindle orbifolds S 2 (a 1 , a 2 ) with κ := gcd(a 1 , a 2 ) ∈ {1, 2}, a 1 ≥ a 2 , 2|(a 1 + a 2 ) and κ 3 |a 1 a 2 on the other hand. More precisely, (1) such a Finsler metric with shortest closed geodesic of length 2πµ ∈ (π, 2π], µ = p/q ∈ ( 1 2 , 1], gcd(p, q) = 1, gives rise to a positive Weyl-Besse structure on S 2 (a 1 , a 2 ) with a 1 = q and a 2 = 2p − q, and (2) a positive Weyl-Besse structure on such a S 2 (a 1 , a 2 ) gives rise to such a Finsler metric on S 2 with shortest closed geodesic of length 2π
Proof. In case of 2π-periodic geodesic flows the first statement is already contained in [9] . To prove the general statement let Σ ⊂ T S 2 be a K = 1 Finsler structure with 2πp-periodic geodesic flow φ : Σ × R → Σ, i.e. the flow factorizes through a smooth, almost free S 1 -action φ : Σ × S 1 → Σ. The Cartan coframe will be denoted by (ξ, η, ν) and the dual vector fields by (X, H, V ). Since Σ ∼ = SO(3) is an L(2, 1) lens space, the quotient map λ for the S 1 -action is a smooth orbifold submersion onto a spindle orbifold O = S 2 (a 1 , a 2 ), with a 1 ≥ a 2 , 2|(a 1 + a 2 ), κ := gcd(a 1 , a 2 ) ∈ {1, 2} and κ 3 |a 1 a 2 by Lemma 1. With Theorem 1 we see that a 1 = q and a 2 = 2p − q. Since X η = X ν = 0, the 1-forms η and ν are semibasic for the projection λ and using the structure equations for the K = 1 Finsler structure, we compute the Lie derivative
Likewise, we compute L X (ν ∧ η) = 0. Hence the symmetric 2-tensor η ⊗ η + ν ⊗ ν and the 2-form ν ∧ η are invariant under φ and therefore there exists a unique Riemannian metric g on O for which λ * g = η ⊗ η + ν ⊗ ν where λ : Σ → O is the natural projection. We may orient O in such a way that the pullback of the area form dA g of g satisfies λ * dA g = ν ∧ η. The structure equations also imply that ξ, η, ν are invariant under (φ 2π ) ′ (cf. [7, p. 186] ). Therefore the map
and the forms ξ, η, ν are invariant under the action of the cyclic subgroup Γ < S 1 of order p on Σ. Hence ϕ factors through a mapφ : Σ/Γ → T O, and ξ, η, ν descend to Σ/Γ where they define a generalized Finsler structure. The composition ofφ with the canonical projection onto the projective sphere bundle ST O := (T O \ {0}) /R + will be denoted byφ. Note thatφ is an immersion, thus a local diffeomorphism and by compactness of Σ/Γ and connectedness of ST O a covering map. Since by [14, Lemma 3.1] both Σ/Γ and ST O have fundamental group of order 2p, it follows thatφ is a diffeomorphism. Therefore,φ is an embedding which sends Σ/Γ to the total space of the unit tangent bundle π : SO → O of g. Abusing notation, we also write ξ, η, ν ∈ Ω 1 (SO) to denote the pushforward with respect toφ of the Cartan coframe on Σ/Γ . Also we let α, β, ψ ∈ Ω 1 (SO) denote the canonical coframe of SO with respect to the orientation induced by dA g . More precisely, the pullback of g to SO is α ⊗ α + β ⊗ β and ψ denotes the Levi-Civita connection form. By construction, the map ϕ sends lifts of Σ geodesics onto the fibres of the projection π :
, is parallel to ϕ(v) and so the vertical vector field V on Σ is mapped into the contact distribution defined by the kernel of β. Therefore, we see that β and η are linearly dependent and that ν(ϕ * V ), α(ϕ * V ) < 0. However, since both (α, β) and (ν, η) are oriented orthonormal coframes for g, it follows that β = −η and α = −ν. The structure equations for the coframing (α, β, ψ) imply
where again we abuse notation by also writing I and J for the pushforward of the functions I and J with respect toφ. It follows that the Levi-Civita connection form ψ of g satisfies
Recall that π : SO → O denotes the basepoint projection. Comparing with Lemma 3 we want to argue that there exists a unique 1-form θ on O so that π * (⋆ g θ) = −(Jα + Iβ). Since Jα + Iβ is semibasic for the projection π, it is sufficient to show that Jα + Iβ is invariant under the SO (2) We obtain a Weyl structure defined by the pair (g, θ). Since
we see that K g − δ g θ = 1. Therefore (g, θ) is the natural gauge for the positive Weyl structure [g, θ] . Finally, by construction, the Weyl structure [g, θ] is Besse.
Conversely, let O = S 2 (a 1 , a 2 ) be a spindle orbifold as in (2) 
for some smooth functions I, J : SO → R. Moreover they parallelise SO and have the property that the leaves of the foliation F g := {ξ, η} ⊥ are tangential lifts of maximal oriented geodesics of the Weyl connection (g,θ) ∇ on O. Since this connection is Besse by assumption all of these leaves are circles. It follows from a theorem by Epstein [11] that the leaves are the orbits of a smooth, almost free S 1 -action. Since a 1 + a 2 is odd, SO admits a normal covering by a space M ∼ = L(2, 1) ∼ = RP 3 with deck transformation groupΓ isomorphic to Z (a 1 +a 2 )/2 . The lifts of ξ, η, ν to M , which we denote by the same symbols, define a generalized Finsler structure on M of constant Finsler-Gauss curvature 1. Moreover, the S 1 -action on SO lifts to a smooth, almost free S 1 -action on M whose orbits are again the leaves of the foliation {ξ, η} ⊥ . The leaves of the foliation F t := {η, ν} ⊥ correspond to (the lifts of) the fibers of the projection SO → O (to M ) and are in particular also all circles. We can cover the space M further by S 3 and lift the S 1 -action and the foliations F g and F t further to S 3 . By the classification of Seifert fibrations of lens spaces quotienting out the foliations F t and F g of SO, M and S 3 yields a diagram of maps as follows (cf. Section 2.1 and e.g. [12] )
with a|gcd(a 1 , a 2 ) = κ ∈ {1, 2}, gcd(k 1 , k 2 ) = 1, k ′ |2 and k||Γ| = (a 1 + a 2 )/2, where the horizontal maps are smooth orbifold submersions, and the vertical maps are coverings (of manifolds in the middle and of orbifolds on the left and the right). Moreover, the deck transformation groups in the middle descend to deck transformation groups of the orbifold coverings. We claim that a = 1. To prove this we can assume that κ = 2. In this case the coprime numbers a 1 /κ and a 2 /κ have different parity by our assumption that κ 3 |a 1 a 2 . Since a 1 /a + a 2 /a has to be even by Lemma 1 it follows that a = 1 as claimed.
maps fibers of F g and F t to fibers of F g and F t , respectively, and descends to a smooth orbifold involution i of O g . We claim that the same argument as in [14] shows that i does not fix the singular points on O g . Here we only sketch the ideas and refer to [14] for the details: If a 1 and a 2 are odd then i acts freely on O g , and in this case nothing more has to be said. On the other hand, if a 1 and a 2 are even, then any geodesic that runs into a singular point is fixed by the action of i on O g . In this case one first has to show that the liftĩ :M →M of i to the universal covering of SO commutes with the deck transformation group Γ of the coveringM → SO. This can be shown based on the observation that a fiber of F t on S 3 over the singular point of O, together with its orientation, is preserved by both Γ andĩ (see [14, Lemma 3.4] for the details). Now, if a 1 and a 2 are both even and a singular point on O g is fixed by i, then there also exists a fiber of F g on S 3 which is invariant under both Γ andĩ. However, in this case only Γ preserves the orientation of this fiber whereasĩ reverses its orientation. This leads to a contradiction to the facts that |Γ| = a 1 + a 2 > 2 and that Γ commutes with i (see [14, Lemma 3.5] for the details). Since i preserves the orbifold structure of Γ g and does not fix its singular points, it has to interchange the singular points. In particular, this implies that kk 1 = kk 2 , and hence k 1 = k 2 = 1. Therefore the foliation F on S 3 is the Hopf-fibration and we must have k ′ = 1 by Lemma 1. In other words, O g is a smooth 2-sphere without singular points and τ : M →Ō g = S 2 is a smooth submersion. Consider the map ϕ : M → T S 2 u → −τ ′ u (X(u)). Then by [7, Prop. 1] ϕ immerses each τ -fiber τ −1 (x) as a curve in T x S 2 that is strictly convex towards 0 x . The number of times ϕ(τ −1 (x)) winds around 0 x does not depend on x. Since both M and ST S 2 are diffeomorphic to L(2, 1) the same argument as above proves that ϕ is one-to-one and so this number is 1. Therefore by [7, Prop. 2] ϕ(M ) is a Finsler structure on S 2 . Moreover S 2 can be oriented in such a way that the ϕ-pullback of the canonical coframing induced on ϕ(M ) agrees with (ξ, η, ν). In particular this implies that the Finsler structure satisfies K = 1 and has periodic geodesic flow. Moreover, because of a = 1 we haveŌ = O and therefore the preimages of the leaves of F t under the covering M → SO are connected. Since the covering M → SO is (a 1 + a 2 )/2-fold, so is its restriction to the fibers of F t . Therefore, p := (a 1 +a 2 )/2 is the minimal number for which the geodesic flow of the Finsler structure on S 2 is 2πp-periodic. The structure of O implies that all closed geodesics of S 2 have length 2πp except at most two exceptions which are q := a 1 and 2q − p = a 2 times shorter than the regular geodesics. In particular, the shortest geodesic has length 2πp/q = 2π
as claimed. Finally, going through the proof shows that an isometry between two Finsler metrics as in the statement of Theorem induces a diffeomorphism between the corresponding spindle orbifolds that pulls back the two natural gauges onto each other, and vice versa. Hence, since such a pullback of a natural gauge is a natural gauge, the last statement of the Theorem follows from uniqueness of the natural gauge of a given Weyl-Besse structure.
Remark 3. In the case of the standard round metric on S 2 whose geodesics are the great circles, the corresponding complex 5-manifold of Weyl connections sharing the same unparametrized geodesics consists of the smooth quadrics in CP 2 without real points [17] . On the Finsler side this recovers Bryant's classification of Finsler structures of constant Finsler-Gauss curvature K = 1 on S 2 with linear geodesics [7] .
